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ABSTRACT
Strong field ionization is fundamentally important for attosecond spectroscopy and coherence control. However, the modeling beyond the
single active electron approximation is still difficult. Time-dependent configuration interaction with singly excited configurations and a
complex absorbing potential (TDCIS-CAP), can be used to simulate single and double ionization by intense laser fields. When the mono-
cation does not have degenerate states, TDCIS-CAP starting from a Hartree–Fock calculation of the cation is suitable for simulating the
second ionization step. When the monocation has two or more degenerate states, the simulations should treat these degenerate states
equivalently. CISD-IP (single and double excitation configuration interaction with ionization) can be used to treat degenerate states of
the cation on an equal footing by representing the cation wavefunctions with ionizing single (1 hole) and double (2 holes/1 particle) exci-
tations from the neutral molecule. Since CISD-IP includes single excitations for each of the monocation states, time dependent CISD-IP
with a complex absorbing potential (TDCISDIP-CAP) can also be used to simulate ionization to the dications states. In this work, TDCIS-
CAP and TDCISDIP-CAP have been used to simulate the angular dependence of ionization of the neon cation and acetylene cation. In
both cases, the second electron is ionized predominantly from an orbital perpendicular to the orbital involved in the first ionization. The
TDCISDIP-CAP simulations show some features involving interactions between the monocation states that are not seen in the TDCIS-CAP
simulations.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5133659., s

I. INTRODUCTION

Double ionization by strong laser fields and the corre-
lated nature of the two-electron ejections have attracted much
attention in the past two decades. These processes can be
roughly categorized as sequential (SDI) and nonsequential (NSDI)
depending on whether electron recollision plays a role.1–3 How-
ever, such a delineation becomes problematic when the time
of electron ejection becomes increasingly shorter toward less
than 1 fsec. In such a process, the inherent electron correla-
tion in the absence of electron recollision becomes important
and should be treated explicitly. Therefore, modeling beyond the

single active electron (SAE) approximation is critical for under-
standing multielectron effect in strong field double ionization of
atomic and molecular systems. The recent experimental results sug-
gest that ionization delays as short as 500 as can be accessed using
the two-electron angular streaking method, in which the angle-
dependent ionization rates were measured for both electrons to
extract the time-resolved dynamics.4,5 However, it is still difficult
to extract electron correlation in this process with conventional
methods.

To model such dynamics, the angular dependence of strong
field single ionization has been simulated with rt-TDDFT6–8

and TDCI approaches.4,5,9–17 The former uses the time-dependent

J. Chem. Phys. 152, 064106 (2020); doi: 10.1063/1.5133659 152, 064106-1

Published under license by AIP Publishing

https://scitation.org/journal/jcp
https://doi.org/10.1063/1.5133659
https://www.scitation.org/action/showCitFormats?type=show&doi=10.1063/1.5133659
https://crossmark.crossref.org/dialog/?doi=10.1063/1.5133659&domain=pdf&date_stamp=2020-February-11
https://doi.org/10.1063/1.5133659
https://orcid.org/0000-0002-5041-9833
https://orcid.org/0000-0001-7114-2821
mailto:hbs@chem.wayne.edu
https://doi.org/10.1063/1.5133659


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

Kohn–Sham equations to propagate the electron density in real
time in the presence of the oscillating field of the laser pulse. The
latter uses the time-dependent Schrodinger equation to propagate
the wavefunction which is expanded in terms of the field-free elec-
tronic configurations of the molecule. Complex absorbing potentials
(CAP)18 are used in both approaches to absorb the density or wave-
function once it is far enough from the molecule and thereby sim-
ulate ionization. For single ionization, the simplest TDCI approach
requires configuration interaction with all single excitations (CIS)
and needs to include enough diffuse configurations to model the
dynamics of the electron as it is propagated toward the complex
absorbing boundary. We have used TDCIS with a complex absorb-
ing potential to study the angular dependence of single ionization
for a variety of systems.4,5,9–17 Typical simulations involve propagat-
ing wavefunctions with thousands of singly excited configurations
for tens of thousands of time steps.

Though accurate methods are available to simulate double ion-
ization processes for two-electron systems,19–40 these methods can-
not be readily extended to multi-electron systems. Direct simulation
of double ionization with the TDCI approach requires propagating a
wavefunction with at least single and double excited configurations
(CISD), which is practical only for small systems. For more typi-
cal molecules, millions of singly and doubly excited configurations
would need to be propagated for tens of thousands of time steps.
Since this is usually not practical, alternative methods need to be
explored.

Sequential double ionization can be modeled by two separate
TDCI or rt-TDDFT simulations. One electron is removed from the
HOMO, HOMO−1, etc., leading to one or more states of the cation
and yielding the probability of generating each cation state as a func-
tion of the laser field direction. Additional simulations for each of the
relevant cation states are then used to model the different channels
for the second ionization. We have used this approach to model the
angular dependence of double ionization in benzene and in methyl
iodide.4,5 If the dynamics between close-lying or degenerate states of
the cations is important, then these states should be treated together
in one simulation, rather than in separate simulations. While the
TDCIS-CAP approach is appropriate for the first step of a sequential
double ionization, a more flexible representation may be desirable
for simulating the second ionization step.

The CISD-ionization potential (CISD-IP) method described by
Krylov and co-workers41 provides a means of representing a col-
lection of cation states using a common set of orbitals and treating
these cation states on an equal footing. The CISD-IP wavefunction
consists of a small subset of the single and double excited configu-
rations of the neutral molecule. The cation states are represented as
ionizing excitations from the neutral ground state. These are aug-
mented by a full set of singly excited configurations for each cation
state (corresponding to double excitations from the neutral ground
state) to allow for orbital relaxation. These excited configurations of
the cations can be used in time-dependent CISD-IP with a complex
absorbing potential (TDCISDIP-CAP) calculations to simulate the
dynamics and ionization of the cations, analogous to the way that
CIS provides the configurations needed for single ionization of the
neutral molecule.

Experimental investigations of sequential double ionization
of neon find that the second electron is preferentially ejected in
a direction perpendicular to that of the first electron.42,43 The

measured angle-dependent ionization yields have been previously
compared to model calculations for noble gas atoms.44–46 Experi-
mental studies of double ionization of aligned acetylene have deter-
mined angle-dependent ionization rates and fragment branching
ratios.47,48 Time-dependent density functional theory (TDDFT) cal-
culations of the angle dependence of the first and second ionizations
compared well with the experimental results.48 As proof of con-
cept, the present work uses the TDCIS-CAP and TDCISDIP-CAP
methods to simulate the angular dependence for the second step of
sequential double ionization of neon and acetylene, i.e., for the ion-
izing neon cation and acetylene cation. Section II summarizes sim-
ulations with the TDCI approach, describes the complex absorbing
potential and additional basis functions used for modeling ioniza-
tion, and outlines the calculation and analysis of the ionization rates.
To model the first ionization of neon by linearly polarized light, we
chose to remove an electron from the 2pβy orbital. To avoid any spu-
rious dynamics due to non-stationary states, the TDCI simulation of
the second ionization was started from the eigenstate of the cation
that is dominated by the 2pβy hole. Ionization of the cation was found
to occur primarily from a p orbital perpendicular to the p orbital
involved in the first ionization, in agreement with the experimental
observations. Similarly, for acetylene, the first electron was removed
from the πβy orbital and the TDCI simulation of the second ioniza-
tion was started from the eigenstate of the cation that is dominated
by the πβy hole. In agreement with the experiment, ionization of the
acetylene cation occurred primarily from the π orbital perpendicular
to the π orbital involved in the first ionization.

II. METHODS
A. Time-dependent configuration interaction (TDCI)

In the TDCI-CAP approach, the time-dependent wavefunction
is expanded on the basis of ground and excited configurations,

Ψ(t) =∑I CI(t)∣ΨI⟩, (1)

and is numerically integrated with the time-dependent Schrodinger
equation,

Ψ(t) = exp[− i
h̵ ∫

t

t0

dτ(Ĥel − ˆ⃗μ ⋅ E⃗(τ) − iV̂abs)]Ψ(t0). (2)

Here, Ĥel is the field-free molecular Hamiltonian for a fixed nuclear
configuration. Molecular interaction with the field is described
within the semiclassical dipole approximation ˆ⃗μ ⋅E⃗(τ), where ˆ⃗μ is the
dipole operator and E⃗(τ) is the time-dependent applied electric field.
Ionization is captured with the complex absorbing potential (CAP),
iV̂abs, which absorbs the wavefunction as an electron is propagated
away from the molecule. Using the modified-midpoint approxima-
tion, the wavefunction is incrementally propagated with a timestep
of Δt,

Ψ(t + Δt) = exp[− i
h̵
(Ĥel − μ̂ ⋅ Ê(t +

Δt
2
) − iV̂abs)]Ψ(t), (3)

and the exponential is approximated with Trotter–Suzuki factor-
ization.49 The final equation of motion can be expressed in matrix
notation as
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C(t + Δt) = exp[− iΔt
2h̵

Hel]exp[−Δt
2h̵

Vabs]WTexp[− i
h̵

E(t +
Δt
2
)d]

×W exp[−Δt
2h̵

Vabs]exp[− iΔt
2h̵

Hel]C(t), (4)

where C(t) is a column vector of CI coefficients and d is a diagonal
matrix of dipole eigenvalues obtained from d = WμWT, where W is
the matrix of eigenvectors.

B. Complex absorbing potential and absorbing
basis set

The absorbing potential is constructed from a set of overlap-
ping potentials on each atom as described in previous studies.9–17

The value of the molecular absorbing potential is set to the minimum
of values of the atomic absorbing potentials. The atomic potential
for each atom is spherical and is zero for radial distances less than
R0, where R0 is set to be 3.5 times the atomic van der Waals radius.
The potential beyond R0 rises quadratically to 5 hartree at approxi-
mately R0 + 14.2 bohrs. The potential turns over quadratically to a
constant value of 10 hartree at approximately R + 28.3 bohrs. In this
work, R0 is taken to be 10.72 bohrs for neon, 12.735 bohrs for car-
bon, and 9.544 bohrs for hydrogen (i.e., 3.5 times the van der Waals
radius).

For simulations with TDCI-CAP, additional diffuse basis func-
tions are required in addition to the standard basis set in order for
the system to interact with the complex absorbing potential. Appro-
priate absorbing basis sets were developed and tested in previous
studies.10,14 For all simulations in this work, this absorbing basis set
consists of four s functions with exponents of 0.0256, 0.0128, 0.0064,
and 0.0032; four p functions with exponents of 0.0256, 0.0128,
0.0064, and 0.0032; four d functions with exponents of 0.0512,
0.0256, 0.0128, and 0.0064; and two f functions with exponents of
0.0256 and 0.0128. These basis functions were placed on each atom
in addition to the standard aug-cc-pVTZ basis set.50

C. CIS and CISD-IP Hamiltonians
The TDCI-CAP simulations for the second ionization are car-

ried out using either the CIS or the CISD-IP states in Eq. (1). The
TDCIS-CAP method employs the molecular orbitals and energies
of the Hartree–Fock (HF) ground state of the cation [Scheme 1(a)].
The wavefunction is expanded with the corresponding ground HF

SCHEME 1. (a) TDCIS-CAP simulations for ionization of the cation include the
UHF reference determinant for a specific cation state and all single excitations
from this determinant. (b) TDCISDIP-CAP simulations for ionization of the cation
include the determinants obtained by removing one electron from β orbitals of the
neutral molecule and all unique single excitations from these determinants.

and all singly excited determinants (CIS),

Ψ(t) =∑I CI(t)∣ΨI⟩ = c0(t)∣Ψ0⟩ +∑i,a ca
i (t)∣Ψa

i ⟩. (5)

The CIS Hamiltonian matrix elements are given by

⟨Ψ0∣Ĥel∣Ψ0⟩ = E0, ⟨Ψ0∣Ĥel∣Ψb
j ⟩ = 0,

⟨Ψa
i ∣Ĥel∣Ψb

j ⟩ = (E0 − ϵi + ϵa)δijδab − ⟨ja∣∣ib⟩,
(6)

where E0 is the ground state energy of the cation, ϵ are orbital ener-
gies, {i,j} refer to occupied molecular orbitals, and {a, b} refer to
virtual molecular orbitals. The double bar integrals are

⟨rs∣∣tu⟩ = ∫ dr1dr2ϕ∗r (r1)ϕ∗s (r2)
1

r12
[ϕt(r1)ϕu(r2) − ϕu(r1)ϕt(r2)].

(7)

The one-electron matrix elements for the absorbing potential and
the dipole are given by

⟨Ψ0∣Â∣Ψ0⟩ = A00 =∑occ
i ⟨i∣Â∣i⟩,

⟨Ψ0∣Â∣Ψa
i ⟩ = ⟨i∣Â∣a⟩,

⟨Ψa
i ∣Â∣Ψb

j ⟩ = A00δijδab − ⟨j∣Â∣i⟩δab + ⟨a∣Â∣b⟩δij,

(8)

where the one-electron integrals are ⟨r∣Â∣s⟩ = ⟨ϕr ∣Â∣ϕs⟩
= ∫ dr1ϕ∗r (r1)Âϕs(r1).

The CISD-IP Hamiltonian, as described by Krylov and co-
workers,41 is constructed from the molecular orbitals and ener-
gies computed from the Hartree–Fock (HF) ground state of the
neutral molecule, and includes all unique 1-hole, 2-hole, 1-particle
determinants [Scheme 1(b)],

Ψ(t) =∑I CI(t)∣ΨI⟩ =∑x cx(t)∣Ψx⟩ +∑i<x,a ca
ix(t)∣Ψa

ix⟩, (9)

where the 1-hole determinants represent ionized configurations and
2-hole and 1-particle determinants represent singly excited ion-
ized configurations. With these states, the matrix elements of the
molecular Hamiltonian can be expressed as

⟨Ψx∣Ĥel∣Ψy⟩ = (E0 − ϵx)δxy,

⟨Ψx∣Ĥel∣Ψb
jy⟩ = ⟨jy∣∣xb⟩, (10)

⟨Ψa
ix∣Ĥel∣Ψb

jy⟩ = (E0 − ϵi − ϵx + ϵa)δijδxyδab, +⟨yj∣∣xi⟩δab

− ⟨ja∣∣ib⟩δxy − ⟨ya∣∣xb⟩δij + ⟨ja∣∣xb⟩δiy + ⟨ya∣∣ib⟩δxj,

where E0 is the HF energy of the neutral ground state, {x,y} refers to
ionized (hole) beta molecular orbitals, and i < x and j < y for the beta
orbitals. The one-electron matrix elements are given by

⟨Ψx∣Â∣Ψy⟩ = A00δxy − ⟨y∣Â∣x⟩,
⟨Ψx∣Â∣Ψb

jy⟩ = ⟨j∣Â∣b⟩δxy − ⟨y∣Â∣b⟩δjx, (11)

⟨Ψa
ix∣Â∣Ψb

jy⟩ = A00(δijδxyδab) − ⟨j∣Â∣i⟩δxyδab + ⟨a∣Â∣b⟩δijδxy

− ⟨y∣Â∣x⟩δijδab + ⟨y∣Â∣i⟩δjxδab + ⟨j∣Â∣x⟩δiyδab.
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D. Ionization rates
In this work, the instantaneous ionization rate is defined as the

change in the norm squared of the wavefunction,

rate = d
dt

N(t)2 = − 2
h̵
⟨Ψ(t)∣V̂abs∣Ψ(t)⟩/⟨Ψ(t)∣Ψ(t)⟩. (12)

The total ionization rate for a normalized CIS wavefunction in terms
of the one-electron integral of the absorbing potential is

⟨ d
dt

N(t)2⟩ = − 2
h̵
[c∗0 (t)c0(t)Vabs

00 +∑
ia
(ca∗

i (t)c0(t) + c∗0 (t)ca
i (t))

× ⟨i∣V̂abs∣a⟩ +∑
ijab

ca∗
i (t)cb

j (t)

× (Vabs
00 δijδab − ⟨j∣V̂abs∣i⟩δab + ⟨a∣V̂abs∣b⟩δij)], (13)

where Vabs
00 = ∑occ

i ⟨i∣V̂abs∣i⟩. The total rate can be partitioned into
contributions to ionization from each of the occupied orbitals,

⟨ d
dt

N(t)2⟩
i
= − 2

h̵
[⟨i∣V̂abs∣i⟩ +∑

a
2Re(ca∗

i (t)c0(t))⟨i∣V̂abs∣a⟩

−∑
ja
Re(ca∗

i (t)ca
j (t))⟨i∣V̂abs∣j⟩

+∑
ab

Re(ca∗
i (t)cb

i (t))⟨a∣V̂abs∣b⟩]. (14)

This can be interpreted as the rate of formation of an ionized state
with a hole in orbital i.

For a normalized CISD-IP wavefunction, the total ionization
rate is

⟨ d
dt

N(t)2⟩ = − 2
h̵

⎡⎢⎢⎢⎢⎣
∑
x,y

c∗x (t)cy(t)⟨ψx∣V̂abs∣ψy⟩

+ ∑
i<x,y,a

ca
ix
∗(t)cy(t)⟨ψa

ix∣V̂abs∣ψy⟩

+ ∑
x,j<y,b

c∗x (t)cb
jy(t)⟨ψx∣V̂abs∣ψb

jy⟩

+ ∑
i<x,j<y,a,b

ca
ix
∗(t)cb

jy(t)⟨ψa
ix∣V̂abs∣ψb

jy⟩
⎤⎥⎥⎥⎥⎦

. (15)

This can be partitioned into the rate of formation of dication species
with holes in orbitals x and i,

⟨ d
dt

N(t)2⟩
x,i
= − 2

h̵

⎡⎢⎢⎢⎢⎣
c∗x (t)cx(t)⟨i∣V̂abs∣i⟩ + c∗i (t)ci(t)⟨x∣V̂abs∣x⟩

−Re(c∗x (t)ci(t) + c∗i (t)cx(t))⟨i∣V̂abs∣x⟩

+∑
y,a

2Re(ca
ix
∗(t)cy(t))⟨ψa

ix∣V̂abs∣ψy⟩

+ ∑
j<y,a,b

Re(ca
ix
∗(t)cb

jy(t))⟨ψa
ix∣V̂abs∣ψb

jy⟩
⎤⎥⎥⎥⎥⎦

. (16)

For field-free simulations, there is a small residual rate arising from
the interaction of the ground state with the absorbing potential. This

residual rate is subtracted from the rate in the field to obtain the net
mean ionization rate,

⟨ d
dt

N(t)2⟩ = ⟨ d
dt

N(t)2⟩
field
− ⟨ d

dt
N(t)2⟩

field - free
. (17)

E. Computational details
Molecular orbitals and energies, one and two-electron integrals,

and absorbing potential integrals were calculated with a locally mod-
ified copy of the Gaussian program suite.51 Closed shell systems
were calculated with spin-restricted methods and open shell systems
were calculated with spin-unrestricted methods. A stand-alone For-
tran 95 code used in our previous TDCIS-CAP studies4,5,9–17 was
extended to include the CISD-IP Hamiltonian.41 This code was used
to integrate the TDCI equations and analyze the TDCI results. The
wavefunction was propagated in the oscillating electric field of a laser
pulse for 16 000 steps using a time step of t = 0.05 a.u. (1.2 as), for a
total simulation time of 19.35 fs (800 a.u.). The test in prior studies
showed that reducing the time step by half changed the norm at the
end of the simulation by less than 0.01%.14,16 A 800 nm laser pulse
was modeled by a linearly polarized oscillating electric field with a
trapezoidal pulse,

E(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

( t
τp
)Emax cos(ωt), 0 ≤ t ≤ τp

Emax cos(ωt), τp < t ≤ 6τp

(7 − t
τp
)Emax cos(ωt), 6τp < t ≤ 7τp

0, 7τp < t

(18)

with a period of τp = 2π/ω and maximum field strength of Emax was
applied for 7 cycles for all systems. In this work, the mean ionization
rates used in Eq. (17) correspond to the average of the instanta-
neous rates computed every 50 timesteps (60 as) for the duration
of the sixth cycle of the field. For neon, the mean ionization rates
in the z direction are 0.069 75 fs−1 for TDCIS-CAP at Emax = 0.40
a.u. and 0.070 78 fs−1 for TDCISDIP-CAP at Emax = 0.50 a.u. The
norms squared after the pulse are 0.4133 and 0.4078, respectively;
the residual field-free rates are 0.001 699 fs−1 and 0.001 215 fs−1,
respectively. For C2H2, the mean ionization rates in the x direc-
tion are 0.093 92 fs−1 for TDCIS-CAP at Emax = 0.105 a.u. and
0.045 54 fs−1 for TDCISDIP-CAP at Emax = 0.115 a.u. The norms
squared after the pulse are 0.3279 and 0.5748, respectively; the
residual field-free rates are 0.000 796 8 fs−1 and 0.000 965 11 fs−1,
respectively.

III. RESULTS AND DISCUSSION
A. Ionization of the neon cation, Ne+

The electron dynamics of the ionization of the neon cation
by a strong laser field were simulated with the TDCIS-CAP and
TDCISDIP-CAP approaches. For the TDCIS-CAP simulation, the
matrix elements of the Hamiltonian and the field-free singly excited
states were computed from the molecular orbitals, energies, and
integrals from a spin-unrestricted Hartree–Fock calculation of the
cation with the hole localized in the 2pβy orbital. For the TDCISDIP-
CAP simulation, the Hamiltonian and field-free excited states were
computed from a spin-restricted Hartree–Fock calculation of the
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closed shell neutral atom. The lowest three states of the CISD-IP
Hamiltonian are degenerate and are dominated by a hole in the 2px,
2py, and 2pz orbitals. The initial wavefunction for the TDCISDIP-

CAP was set to be ∣Ψ(0)⟩ ≈ 0.971∣Ψ2pβy
⟩. In total, 869 CIS states and

3365 CISD-IP states were included in the simulations.
In Table I, the first ionization potentials (IP) calculated by

ΔCCSD(T), the difference in the coupled cluster singles and dou-
bles with perturbative triples [CISD(T)] energies of neon neutral
and the neon cation are in very good agreement with the exper-
imental values.52 The IP calculated by ΔSCF is lower than the IP
calculated by the Koopmans theorem due to orbital relaxation in the
SCF calculation of the cation. Since the TDCIS simulation starts with
a Hartree–Fock calculation of the cation, the first IP listed for CIS is
the same as the ΔSCF value. The IP calculated by CISD-IP is lower
than the ΔSCF value because it includes some electron correlation
for the cation. For second ionization potentials, there are three states
to consider for the neon dication. Removing two electrons from the
2pβ orbitals of the neutral atom yields a component of the 3P state.
Components of the 1D and 1S states can be obtained by removing
an α electron and a β electron from the set of 2p orbitals. Spin-
unrestricted SCF and CCSD(T) calculations of the triplet dication
yield estimates for the IP from the cation to the 3P dication, while
singlet spin-restricted SCF and CCSD(T) calculations of the dication
yield IP estimates for the 1D state but not the 1S state. Koopmans the-
orem applied to the cation provides estimates for the second IP. Sim-
ilar to the first IP, ΔCCSD(T) calculations for the second IP are in
very good agreement with the experimental values for the 3P and 1D
dications.53,54

Estimates of the second IP for the CIS and CISD-IP calculations
can be obtained with the help of the absorbing potential matrix ele-
ments. The large absorbing basis set yields series of singly excited
states that interact more strongly with the absorbing potential as
they approach the ionization limit. Figure 1 shows the energies of
the CIS and CISD-IP states and their absorbing potential matrix
elements, ⟨Vabs⟩, as a function of the state number. The ionization
potential for a particular series is obtained from the state energy
where the absorbing potential reaches a maximum. The three series
in Fig. 1 correspond to ionization of the cation to the 3P, 1D, and
1S dications. For CIS, the second IPs are about 1.5 eV lower than

TABLE I. First and second ionization potentials of neon (in eV).

Second ionization potential (eV)

First ionization with respect to first IP

Method potential (eV) 3P 1D 1S

ΔSCFa 19.69 39.27 44.57 . . .
Koopmansa 23.16 42.10 43.72 47.38
CIS 19.69 ∼40.61 ∼42.22 ∼45.87
CISD-IP 18.57 ∼50.21 ∼53.02 ∼55.66
ΔCCSD(T)a 21.46 40.73 44.11 . . .

Experimentalb 21.56 40.96 44.17 47.87

aCalculated with the aug-cc-pVTZ basis.
bReferences 52–54.

FIG. 1. Expectation value of the absorbing potential computed for the (a) CIS and
(b) CISD-IP states with respect to the CIS (blue) and CISD-IP (pink) field-free
state energies. Both sets of energies are shown with respect to the first ionization
potentials of 19.69 eV and 18.57 eV for CIS and CISD-IP, respectively.

the Koopmans theory values, indicating that the diffused states are
strongly absorbed a little before they reach the ionization limit. The
second IPs for CISD-IP are about 10 eV higher than the CIS val-
ues for a combination of reasons. The CIS wavefunction uses the
relaxed orbitals from the SCF calculation of the cation, whereas the
CISD-IP wavefunction uses the unrelaxed orbitals from the neutral
atom. In addition, the CISD-IP includes some electron correlation
for the cation but not the dication. Since the second IPs are too
high with CISD-IP, the calculated ionization rates will be too low.
Therefore, we restrict the discussion to relative rates and the angular
dependence of the ionization.

Figures 2(a) and 3(a) show the angular dependence of the sec-
ond ionization of the 2pβy neon cation in the yz plane (yx plane
is equivalent by symmetry). The field strengths vary from 0.1 a.u.
to 0.4 a.u. for TDCIS-CAP and 0.1 a.u. to 0.5 a.u. for TDCISDIP-
CAP. For a given field strength, TDCISD-IP ionization rates are
much smaller than those of TDCIS-CAP because of the difference in
the second ionization potential calculated by these methods. How-
ever, the angular dependence of the ionization rate is similar, with a
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FIG. 2. TDCIS-CAP (a) angular dependence of ionization of 2pβy Ne+ for four field strengths of (from inner to outer) 0.10 a.u., 0.20 a.u., 0.30 a.u., and 0.40 a.u. (b) Angular
dependence of second ionization from the alpha molecular orbitals for a field strength of 0.40 a.u. (c) Angular dependence of second ionization from the beta molecular
orbitals for a field strength of 0.40 a.u.

maximum when the field is polarized in the z direction and a min-
imum when the field is polarized in the y direction. This compares
well with the angular dependence of the ionization rate extrapolated
from the experimental data.42

The total ionization rate can be decomposed into contribu-
tions from the α and β orbitals using Eqs. (14) and (16) as shown
in Figs. 2(b) and 2(c) for TDCIS-CAP and Figs. 3(b) and 3(c) for
TDCISDIP-CAP. The initial state of the neon cation has an empty
2pβy orbital. For both TDCIS-CAP and TDCISDIP-CAP, the largest
contribution in the yz plane is ionization from the 2pβz orbital yield-
ing a component of the 3P dication state [Figs. 2(c) and 3(c)]. The
next largest contribution in the yz plane is from ionization of the 2pαz
orbital yielding a component of the 1D dication state [Figs. 2(b) and
3(b)]. Corresponding contributions to the 3P and 1D cations come
from the 2pβx and 2pαx orbitals in the xy plane. Ionization from the
2pαy orbital yields the 1S dication. This component is larger in the
TDCISDIP-CAP simulation and partially accounts for the smaller

difference in second ionization rates between the y direction and z
direction when compared to TDCIS-CAP.

Because of the larger number of configurations, the TDCISDIP-
CAP simulation has some features that are lacking in the TDCIS-
CAP simulation. Figure 4 shows the population of the 2sβ, 2pβx , 2pβy ,
and 2pβz orbitals as a function of the field direction for five different
times. Initially, the population of the 2pβy orbital is near zero and the
populations of the 2sβ, 2pβx , and 2pβz orbitals are near one. The popu-
lation of the 2sβ and 2pβx orbitals remains constant and independent
of the angle of the field in the yz plane. For the field in the y or z
directions, the population of the 2pβy orbital stays small and the pop-
ulation of the 2pβz orbital stays near one. However, for intermediate
angles, the population of the 2pβz orbital decreases with time and the
population of the 2pβy orbital increases. This corresponds to a rota-
tion between degenerate states of the neon cation (i.e., change in the
direction of the 2pβ hole) in response to the angle of the laser field.

FIG. 3. TDCISDIP-CAP (a) angular dependence of ionization of 2pβy Ne+ for five field strengths of (from inner to outer) 0.10 a.u., 0.20 a.u., 0.30 a.u., 0.40 a.u., and 0.50
a.u. (b) Angular dependence of second ionization to form dication species with holes in α and β orbitals for a field strength of 0.50 a.u. (c) Angular dependence of second
ionization to form dication species with holes in β orbitals for a field strength of 0.50 a.u.
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FIG. 4. Population of β molecular orbitals with respect to time. The angles of the polar plot correspond to the polarization direction of the field. The radial distance corresponds
to the orbital population and increases from 0 (unoccupied) to 1 (fully occupied). The field is close to zero for the selected times.

FIG. 5. Angular dependence of ionization yield for neon (a) TDCIS-CAP calculation of the first ionization (contribution arising from removing an electron from the 2pβy orbital),

(b) TDCIS-CAP and (c) TDCISD-IP calculations of the second ionization (contribution arising from removing an electron from the 2pβy cation of neon). To facilitate the
comparison of the shapes, the ionization yields have been scaled so that the maximum values are equal.

The polarizability is less in the direction of the 2pβ hole and greater
in the direction perpendicular to it. The rotational force on the elec-
tron density or on the direction of the 2pβ hole resulting from the
laser field is maximal at 45○ to the axis of the 2pβ hole, similar to the
rotational force on a homonuclear diatomic molecule in an electric
field. CISDIP treats the interaction of the degenerate cation states
with the field on an equal footing, but CIS treats only one of the
degenerate states of the cation with the same accuracy as CISDIP.

Three dimensional views of the ionization yield are shown in
Fig. 5. For a TDCIS-CAP simulation of the first ionization of an elec-
tron from the 2pβy orbital of neutral neon, the angular dependence
resembles the 2pβy orbital as expected. In simulations of the sec-
ond ionization of neon, the electron is ionized predominantly from
orbitals perpendicular to the one involved in the first ionization, in
this case the 2pβx and 2pβz orbitals. The TDCISDIP-CAP shows a bit
more ionization in the y direction resulting from greater contribu-
tions from the α orbitals, as can be seen by comparing Figs. 2(b) and
3(b).

B. Ionization of the acetylene cation, C2H2
+

The ionization potentials for acetylene are listed in Table II. The
lowest energy states of the cation and dication involve ionization of
electrons from the π orbitals. The first IPs calculated by ΔCCSD(T)
and Koopmans theorem are in very good agreement with the exper-
imental value,52 while the ΔSCF and CISD-IP estimates are too low.
The π2 dication of acetylene is isoelectronic with O2 and has 3Σ,
1Δ, and 1Σ as the three lowest states. Removing one electron from

the πβx orbital and one electron from the πβy orbital of the neutral
acetylene yields a component of the 3Σ state. Components of the
1Δ and 1Σ states can be obtained by removing one electron from
a πα orbital and one electron from a πβ orbital. The ΔCCSD(T) and
Koopmans theory values for the second IP are in good agreement
with the experimental value.55–57 Similar to neon, the estimates of
the second IP for CIS and CISD-IP calculations can be obtained by
comparing the energies and the absorbing potential matrix elements,
as shown in Fig. 6. The second IPs are about 1.5–2 eV too low for CIS
and about 2 eV too high for CISD-IP.

TABLE II. First and second ionization potentials of acetylene (in eV).

Second ionization potential (eV)

First ionization with respect to first IP

Method potential (eV) 3Σ 1Δ 1Σ

ΔSCFa 9.77 19.22 21.14 . . .
Koopmansa 11.17 20.45 20.98 22.35
CIS 9.77 ∼19.15 ∼19.65 ∼21.02
CISD-IP 9.17 ∼23.26 ∼24.16 ∼25.05
ΔCCSD(T)a 11.44 20.96 22.10 . . .

Experimentalb 11.4 20.3, 21.3 22.0

aCalculated with the aug-cc-pVTZ basis.
bReferences 52 and 55–57.
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FIG. 6. Expectation value of the absorbing potential computed for the (a) CIS and
(b) CISD-IP states with respect to the CIS (blue) and CISD-IP (pink) field-free
state energies. Both sets of energies are shown with respect to the first ionization
potentials of 9.764 eV and 9.165 eV for CIS and CISD-IP, respectively.

The initial wavefunction for TDCIS-CAP started with the hole
localized in the πβy orbital and TDCISDIP-CAP started from the state
∣Ψ(0)⟩ ≈ 0.969∣Ψπβy

⟩. The molecular axis of acetylene is placed along
the z axis and the angular dependence of second ionization obtained

from TDCIS-CAP and TDCISDIP-CAP simulations are shown in
Figs. 7(a) and 8(a), respectively, for the xy plane. The TDCIS-CAP
simulation used 2426 configurations and 7 field strengths varying
uniformly from 0.085 a.u. to 0.115 a.u.; TDCSDIP-CAP simulations
used 9420 configurations and the field strength from 0.095 a.u. to
0.125 a.u. Similar to the neon cation, the computed TDCIS-CAP
ionization rates for the acetylene cation are larger than those of
TDCISDIP-CAP due to the differences in the second IPs. The ini-
tial state of the acetylene cation was chosen to have an empty πβy
orbital. For both the TDCIS-CAP and TDCISDIP-CAP simulations
for ionization of the acetylene cation, the largest contribution in the
xy plane is the removal of an electron from the πβx orbital yielding a
component of the 3Σ state [Figs. 7(c) and 8(c)]. The next largest con-
tribution in the xy plane is from ionization of the παx orbital yielding
a component of the 1Δ dication state [Figs. 7(b) and 8(b)]. Removing
an electron from the παy yields a component of the 1Σ dication.

Similar to the neon cation, the TDCISDIP-CAP simulation of
ionization of the acetylene cation shows some evidence of rotation
of the πβ hole. Figure 9 shows the population of the πβx and πβy
orbitals as a function of the field direction for five different times.
Initially the population of the πβx and πβy orbitals are approximately
1 and 0, respectively. For the field in the x or y direction, the pop-
ulations of these orbital change very little. For intermediate angles,
the population of the πβx orbital decreases with time and the popu-
lation of the πβy orbital increases, corresponding to a rotation of the
π β hole. However, the response is much smaller than that seen in
the ionization of the neon cation (Fig. 4).

The angular dependence of the ionization yields for acetylene
is shown in Fig. 10. The shape of the ionization yield for removing
an electron from the πβy orbital resembles the shape of that orbital
as expected. In the next ionization of this cation, the electron is
removed predominantly from the πβx orbital which is perpendicu-
lar to the orbital involved in the first ionization. The TDCISDIP-
CAP ionization yield is a little larger in the y direction, while the
TDCIS-CAP ionization yield is a little larger in directions interme-
diate between x and z. Both show comparatively little ionization in
the z direction, i.e., along the molecular axis, in keeping with the
fact that the σ orbitals are significantly lower in energy than the π
orbitals.

FIG. 7. TDCIS-CAP (a) angular dependence of second ionization of the πβy C2H2 cation for seven field strengths of (from inner to outer) 0.085 a.u., 0.090 a.u., 0.095 a.u.,
0.100 a.u., 0.105 a.u., 0.110 a.u., and 0.115 a.u. (b) Angular dependence of second ionization from the alpha molecular orbitals for field strengths of (from inner to outer)
0.095 a.u., 0.100 a.u., and 0.105 a.u. (c) Angular dependence of second ionization from the beta molecular orbitals for field strengths of 0.095 a.u., 0.100 a.u., and 0.105 a.u.
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FIG. 8. TDCISDIP-CAP (a) angular dependence of second ionization of the 2πβy C2H2 cation for seven field strengths of (from inner to outer) 0.095 a.u., 0.100 a.u., 0.105
a.u., 0.110 a.u., 0.115 a.u., 0.120 a.u., and 0.125 a.u. (b) Angular dependence of second ionization to form dication species with holes in the α and β orbitals for the field
strengths of 0.105 a.u., 0.110 a.u., and 0.115 a.u. (c) Angular dependence of second ionization to form dication species with holes in the β orbitals for the field strengths of
0.105 a.u., 0.110 a.u., and 0.115 a.u.

FIG. 9. Population of the πβx and πβy orbitals with respect to time. The angles of the polar plot correspond to the polarization direction of the field. The radial distances
correspond to the orbital population and increases from 0 (unoccupied) to 1 (fully occupied). The field is close to zero for the selected times.

FIG. 10. Angular dependence of ionization yield for acetylene (a) TDCIS-CAP calculation of the first ionization (contribution arising from removing an electron from the πβy
orbital), (b) TDCIS-CAP, and (c) TDCISD-IP calculations of the second ionization (contribution arising from removing an electron from the πβy cation of acetylene). To facilitate
the comparison of the shapes, the ionization yields have been scaled so that the maximum values are equal.

IV. SUMMARY

This study has demonstrated the use of TDCIS-CAP and
TDCISDIP-CAP to simulate the second ionization of neon and
acetylene. The estimated CIS second ionization potential is gen-
erally lower than CISD-IP because the CIS calculation starts with
the relaxed orbitals of the cation, whereas the CISD-IP calculation
starts with the orbitals of the neutral molecule. Since the second

ionization potentials are larger for CISD-IP, higher intensities are
needed to obtain second ionization rates comparable to the TDCIS-
CAP simulations. Nevertheless, the two approaches yield simi-
lar angular dependence for the second ionization and show the
second electron ionizing from the orbital perpendicular to the
orbital involved in the first ionization. The TDCISDIP-CAP simu-
lations of the angular dependence of the second ionization of neon
and acetylene have some features arising from population (hole)
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dynamics not present in the TDCIS-CAP simulations. Because the
TDCISDIP-CAP simulations include all single excitations from each
of the degenerate monocation states, the field can induce a rotation
between degenerate states of the cation. By contrast, the TDCIS-CAP
simulations include single excitations from only one of the degener-
ate cation states and cannot model this effect. This new method puts
us one step closer to modeling fully correlated strong field double
ionization processes. In future work, we plan to link the simula-
tions for the first and second ionizations so that the CI vector for
the ionized state from a TDCIS simulation of the first ionization
will be used as input for the TDCISDIP simulation for the second
ionization.
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