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Abstract: A new method for constructing empirical valence bond potential energy surfaces for
reactions is presented. Building on the generalized Gaussian approach of Chang—Miller, V1,%(q)
is represented by a Gaussian times a polynomial at the transition state and generalized to handle
any number of data points on the potential energy surface. The method is applied to two model
surfaces and the HCN isomerization reaction. The applications demonstrate that the present
method overcomes the divergence problems encountered in some other approaches. The use
of Cartesian versus internal or redundant internal coordinates is discussed.

Introduction generalized the ChangMiller method for N-state systems

In the empirical valence bond (EVB) approach, the potential and provided a scheme to correct gas-phase ab initio data
energy surface (PES) for a reaction in solution is modeled for solutions!’ Truhlar and co-workers employed a general-
as an interaction between a reactant and a product#Es.  ized EVB approach by using distance-weighted interpolants
interaction between surfaces results in an avoided crossingto model the interaction matrix elements in their multicon-
and yields a smooth function describing the reaction on the figuration molecular mechanics meth&d?°
ground-state potential energy surface. Good empirical ap- The simplicity of the ChangMiller resonance integral
proximations for the noninteracting potential energy surfaces formulation is appealing, but certain difficulties must be
of reactants and products are available from molecular overcome to provide the greater flexibility required to model
mechanics methods. To obtain a reliable model of a PES more complex chemical reactions using molecular dynamics.
for a reaction, a suitable form of the interaction matrix The present article explores two possibilities for improving
element or resonance integrakx(q), is needed. the representation of the interaction matrix elements. In
For a two-state system, the interaction between reactantparticular, the generalized Gaussian utilized in the Ckhang
and product surfaces is taken as a modified Morse function Miller approach is replaced with a quadratic polynomial
in Warshel and Weiss’ original multistate EVB methothe times a spherical Gaussian. This avoids the well-known
function is adjusted to reproduce barrier heights gleaned fromproblem caused by negative exponents that may arise in
experiments or high-level ab initio calculations, but the form practice!21518Second, to improve the accuracy of the fit, a
of the surface is not flexible enough to fit frequencies at the |inear combination of Gaussians times quadratic polynomials
transition state (TS). Chang and Miller represented the squarep|aced at suitable locations on the potential energy surface
of the resonance integral;?, with a generalized Gaussién. g employed.
The exponents of the Gaussian are chosen to fit the structure
and vibrational frequencies of the TS from electronic

structure calculations. This form of the EVB surface is Model Description

sufficiently accurate for molecular dynamitc$? The Chang- The EVB model describes a reactive PES in terms of a linear
Miller model has also been applied by Jeridéhand combination of reactant and product wave functions. The
Anglada et al’ to transition-state optimizations. coefficients are obtained by solving a simple »2 2

More elaborate functions of the interaction matrix elements Hamiltonian for the lowest energy.
were used in the molecular mechanics/valence bond model
developed by Bernardi et al. for exploring photochemical W=cy,+cy, 1)
reaction potential energy surfacésMinichino and Voth
H= [Vll V12] )

V21 V22
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V= Bl)llﬂlwlﬂ Vi, =V, = Ey)1||3||1pzu Chang-Miller case; the expression f@ is slightly different.
V,, = [,[H[y,0(3) B D1D2T + D2D1T K, .
V="1(Viy + Vo) — \/ [1oVi = Vol + Vit (4) A Viu(Gre) — Vidrg) K
2
. . . ——=—— (8)
Each matrix element is a function of molecular geometry, V,(Gre) — V(Gro)

g. Good approximations fov;; andV,, are available from
molecular mechanics. However, much less is known about The exponentx is chosen to be small enough so that the
the functional form of the interaction matrix elemeNfy. PES is smooth but not so small that the reactant and product
In Warshel and Weiss’s approatthe interaction matrix ~ energies are affected significantly. One approach is to choose
element Vi, is chosen to reproduce the barrier height o to give a good fit for the energies along the reaction path.
(obtained from experiments or calculations). For cases whereThe form ofV;2? in eq 7 can also be viewed as expanding
greater accuracy is required, it is also desirable to match thev,.? as a linear combination of s-, p-, and d-type Gaussians.
position and vibrational frequencies of the TS in addition to

the barrier height. The ChandMiller approach describes 9(9,9¢,0,00) = eXp[—llz(qu - QK|2]
the interaction matrix element by a generalized Gaussian 0a) = (q — _y 2
positioned at or near the transition state 9(9.Gk.1,0.00) = (@ = A exp[="/,a1q — Al’]
V122(q) — AeXp[BT'Aq _ l/quT'C'Aq] Aq — q _ qTS g(qquIivjva) = (q - qK)I(q - QK)] eXp[_l/2a|q - qK|2] (9)
(5) Because the coefficients in eq 7 are linear, the procedure

whereqrs is the transition-state geometry. The coefficients can be readily generalized to include Gaussians at multiple
are chosen so that the energy, gradient, and second derivaeenters,qgx. For example, one could choose to place the

tives of the EVB surface match ab initio calculations at the Gaussian centers at the TS, reactant minimum, product
TS. Following Chang Miller’s notation? this yields simple, minimum, and a few points along the reaction path to either
closed-form equations for parametéxsB (a vector), and side of the transition state. The generalized fornvpf can

C (a matrix). be written as
A= [Vi4(ars) — V(Ardl[Vaolars) — V(arg)]  (63) NDim o
Vi '(a) = 2 D Bid(@ i) (10)
Dl D2 i=]=0

B= + and e 2t ;
[Vy,(0rd — V(Gr9)]  [ValGre) — V(O] where NDim is 3 times the number of atoms for a Cartesian
V. (q) Vi coordinate system or the number of coordinates if internal
D =—™" q av(a) (6b) or redundant-internal coordinates are utilized. The Gaussian

lg=q-e ™ 7 o=
nT Taq s pq 9= exponents are chosen such that the fit is sufficiently smooth

for energies along the reaction path awg? is acceptably

D,D,' D,D,' .
= + — small at the reactants and products, if these are not already
[Viy(Gre) = V(Gre)]°  [VanlOre) — V(a7 included ing. In the simplest approach, the exponents are
K, K, g all equal; alternatively, if suitable criteria exist, they may
- an be different for different centers, or even for different
Virltrd) ~ Vs 5 Vadtrd = Vi) directions. TheBjk coefficients are obtained by fitting to
K = V(@) _ *V(a) (6¢) V12 and its first and second derivatives at a number of points,
" 00 lo=are  09° lg=are g., which can conveniently be the samecds
The original version of the ChargMiller method runs V.Aq,) = ND'mB__ ( i)
into difficulties whenC has one or more negative eigenval- 12 Z»Zo ik ALl
uest?1518|n these cases, the form ¥i.2 in eq 5 diverges "
for_largeAq v_alues. T_he simplest solution to this_problgm 8V122(q) NDIm  39(Q, 0y, O0)
switches the interaction matrix element to zero in regions = Z T SEE—
where the unmodifiet;/? is negative or divergert.Another a9 a=q. iZ[Z0 a0 =0
approach is to include suitable cubic and quartic terms in o o . ) .
the Gaussian to control asymptotic behavor. IV, (a) NDim  9°9(0, O, J )
In the present article, an alternative form #ér? is pro- —2’ A Bik —2‘ (11)
posed. Instead of using a generalized Gaussian as in eq 5, a 99" a=a, =120 dq =

quadratic polynomial times a spherical Gaussian is employed. ¢ the number of Gaussian centers is equal to the number of
points (i.e., if the number of coefficients is equal to the
L ) number of energy values, first derivatives, and second
exp[—,alAq|] (7) derivatives), this is simply the solution of a set of linear
equations.

V() = All + B™Aq + Y,Aq™(C + al)-Aq]

Fitting to the energy, gradient, and Hessian at the transition
state yields the same formulas fArandB as those in the DB=F (12)
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Figure 1. (a) One-dimensional potential energy curve (solid line) constructed from two interacting Morse curves (chain-dot).
V11 and Va, (long dash) are quadratic functions fitted to the minima of the Morse curves, fitted using various EVB models (short
dash). (b) EVB model with constant Vi,2. (c) Chang—Miller EVB model with Vi,2 represented by a generalized Gaussian. (d)
EVB model with V;,? represented by a quadratic polynomial times a Gaussian. (e) EVB model with a three-Gaussian fit.

whereD is a matrix containing the values gfq.,qx,i.j,), matrix elementy;> = 0.010 au. The empirical valence bond
99(qL,Gk,1,j,0)/3q | g=q., andd?g(qL,gk,i,j,0)/30%|q=q, @aNdF is approximation to the surface is constructed from two
a column vector containing the values\6t%(q.), aVi22(q)/ guadratic potentials fitted to the individual Morse functions

89/q=q,, ando?V12(q)/30?|q=q, - Even with only a few expan-  at their minima. As can be seen from Figure 1a, in the region
sion centers, the eigenvaluesibbecome very small because of the transition stateéy;; andV,, are much higher than the

of strong overlap between the Gaussians. In this case, thepotential energy curve being modeled. Henég? will have
coefficients can be chosen in a least-squares manner. Simto be quite large, providing a suitable challenge for the
ilarly, if the number of Gaussian centers in the expansion is methodology.

chosen to be smaller than the number of points whgpe Starting with Warshel and Weiss's methbd;2? is set

and its derivatives are evaluated, then the coefficients Canequal to a constant. In Figure 1b, the constant is chosen to
also be obtained in a least-squares manner. reproduce the forward barrier height, and the curve is dis-
o T placed to match the energies of the reactant and TS. Note
minimize®B — F) W(DB — F) that the resulting minima positions are shifted, the barrier
D'WDB = D'WF (13) width is too small, and the reaction exothermicity is too large.
With only one parameter, fitting the potential energy curve
well is difficult.

In the Chang-Miller approach,V,2 is represented by a
Examples generalized Gaussian, with the parameters fitted to the tran-
One-Dimensional Test Caséntersecting Morse Cures.A sition-state energy, gradient, and Hessian. For this example,
simple one-dimensional potential energy curve can be con-the parameters for eq 5 afe= 0.167,B = 0.385, andC =
structed from two intersecting Morse curves, as shown in 1.988. As shown in Figure 1c, this yields a significant im-
Figure la. This resembles the potential energy along theprovement in fit to the potential energy curve. Becaugé
reaction path for hydrogen abstraction reactionstX+ Y is not zero at the reactant and product geometries, the minima
— X + H-Y, and similar atom-transfer processes involving are slightly displaced, though not as much as in Figure 1b.
the forming and breaking of single bonds. The parameters WhenV;2? is represented by a single Gaussian times a qua-
for the Morse curves arB, = 0.12 and 0.16 au with force  dratic polynomial, Figure 1d, the results are similar to the
constants at the minima of 0.40 and 0.50 au, respectively; Chang-Miller approach. The Gaussian exponentan be
the curves are displaced by 3.00 au and interact by a smallvaried over the range 1-3.0 (bracketing the ChangMiller

whereW is a diagonal weighting matrix. This can be solved
easily using singular value decomposition.
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Figure 2. (a) Muller—Brown potential. (b) Chang—Miller EVB model with the V;,2 Gaussian placed at the minimum on the
intersection seam of Vi; and V,,. (c) Chang—Miller EVB model with the Vi,2 Gaussian at the TS. (d) EVB model with V;,2
represented by a quadratic polynomial times a Gaussian at the TS. (e) EVB model with a three-Gaussian fit. (f) EVB model with
an eight-Gaussian fit. In parts b—f, the points indicate positions of the Gaussians used to construct V;,2.

exponent) and provides some additional flexibility in fitting whereA ={—-200,—100,-170, 15)x°={1, 0,—0.5,—1},
the potential. If the exponent is chosen to be too laxge, yw=1{0,05,15}a={-1,-1,-6.5,0%,b=1{0,0,
is too narrow and the EVB curve no longer descends 11, 0., andc = {—10, —10, —6.5, 0.%. As shown in
smoothly from the transition state. Figure 2a, the surface has three minima. The upper two
A better fit is obtained by using three Gaussians times minima are connected by a rather curved reaction path and
quadratic polynomials, for example, one at the transition serve as a suitable test case for the EVB model.\thend
state, another halfway between the TS and the reactant, and/,; potentials are chosen as quadratic functions fitted to these
the third halfway between the TS and the product. Figure two minima. Figure 2b demonstrates that the Chalgler
1le shows that this approach produces a very good fit to themethod produces a good representation of the surface when
potential energy curve for suitably chosen exponents. Thethe Gaussian foW;2? is placed at the lowest point on the
additional two Gaussians could also be placed at the minima,intersection seam d¥1; andV,,. Bofill et al. has used this
but this does not yield as smooth a curve. For more difficult approach in modeling potential energy surfaces for transition-
cases, it could be beneficial to utilize five Gaussians: one state optimization> However, placing a Gaussian for the
at the TS, one at each minimum, and one halfway betweenChang-Miller method at the TS vyields a very poor ap-
the TS and each minimum. proximation of the Mller—Brown surface, as seen in Figure
Two-Dimensional Test Casdiller—Brown SurfaceThe 2c. This is because the matfixhas one negative eigenvalue,
Muller—Brown surfacé! is a convenient two-dimensional  causingVi-2 to diverge along the corresponding direction.

example frequently used as a test case for optimization |f v,,2 is represented by a Gaussian times a quadratic

algorithms and reaction-path-following methods: polynomial placed at the transition state, then a good
5 approximation to the Miler—Brown surface is obtained, as
V(xy) = A expla(x— x9)? + bi(x — x)y — y°) + shown in Figure 2d. A better fit to the ridge separating the

aly — y97 (14) two minima may be constructed by placing two additional
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Figure 4. EVB fit to the potential energy surface for HCN —
HNC using harmonic functions for V;; and V,; in redundant
internal coordinates (C—N stretch, C—H stretch, N—H stretch,
o) G \ OH—C—N bend, and OH—N—C bend) using a Gaussian times
/ /]/\Q \\\;\ a polynomial for V1,2 in redundant internal coordinates. The
?//,/,?// m\\\\\}\ carbon is at the origin; the nitrogen is at (1.116, 0.000), and
) I N _'t“ﬁ\ the energy is plotted as a function of the Cartesian coordinates
of the hydrogen. The points in a—c indicate the positions of
Gaussians used to construct V1,2,
SRR nates for the EVB surface, the minima valleys do not curve
// /7 \-\\\\\g\\ toward the transition state. The minima appear to have moved
,/ﬁ\\\\\ off the C—N axis as a consequence of fitting thig? only
(e) Lo 11l 1 I at the transition state. When two additional Gaussiarns (
Figure 3. EVB fit to the potential energy surface for HCN — 0.5) _at the minima a_re included, Flggre 3b, the energy,
HNC using a Gaussian times a polynomial for Vi,2 in gradients, and Hessians at the minima are reproduced
Cartesian coordinates. The carbon is at the origin; the nitrogen correctly by the EVB surface. However, the valleys still do
is at (1.116, 0.000), and the energy is plotted as a function of .
the Cartesian coordinates of the hydrogen. The points in a—e not properly curve toward the TS, and there are spurious
indicate the positions of the Gaussians used to construct Vi,2. minima for bent structures. Adding two more points between

Gaussians along the ridge, Figure 2e. The surface can béhe TS and the minim_a, Figure 3c, cqrrects ‘_h? curvature of
improved further by including more Gaussians, Figure 2f. thg vaIIeys_ and eradicates t.h.e Spurious minima. Two ad-
Molecular Case-HCN — HNC. The isomerization of ditional points near the transition state serve to improve the
hydrogen cyanide is a simple unimolecular reaction often width of. the potential energy surface through the transition
employed to test potential energy surface exploring algo- State; Figure 3d. Extra points near the minima, Figure 3e,
rithms. Because the-eN bond length changes little during A0 Not seem to provide any additional improvement.
this process, the key components of the potential energy As an alternative to Cartesian coordinates, internal coor-
surface can be easily visualized in two dimensions by plotting dinates can be used to constritgt and V2, and to fit Vi,
energy as a function of the hydrogen position. In internal Internal coordinates are more natural coordinates for this
coordinates involving bond lengths and angles, the reactionsurface with a curved reaction path than Cartesian coordi-
path is relatively linear. However, if Cartesian coordinates nates. To include the coordinates appropriate for both
are used for the hydrogen, the reaction path is approximatelyreactants and products, a redundant internal coordinate
a semicircle and fitting the surface should be more chal- system consisting of R(CN), R(CH), R(NHJHCN, and
lenging. In particularly, an EVB model with;, V2, and OHNC was chosen. The simple Charnidiller approach had
V12 in Cartesian coordinates is better suited for straight difficulties because of negative eigenvalue€irA Gaussian
valleys rather than curved paths. times a quadratic polynomial provided a very reasonable fit
The transition state and reaction path for the HENHNC to the surface, as shown in Figure 4a. Adding Gaussians near
surface were calculated using the HF/3-21G level of the reactant and product minima improves the surface
theory?2-26 First and second derivatives were calculated at somewhat, Figure 4b, primarily by providing a better fit
the transition state, the two minima, and selected points alongaround the minima. With amx value of 0.8 au for all
the reaction path as input for the EVB model. The results Gaussians, the maximum error in the energy for points along
are shown in Figure 3. Applying a Gaussian times a the reaction path is 0.0025 au. Including two additional points
polynomial at the transition state yields a surface with some along the reaction path on either side of the transition state
problems, Figure 3a. As a result of using Cartesian coordi- reduced this error by a factor of 10 (Figure 4c—= 1.5 au).
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gradients, and Cartesian Hessians at selected points along
the reaction path. A very good EVB surface is obtained with
V1?2 fit by only a single Gaussian times a quadratic
polynomial at the transition state. The minima and shape of
the reaction path are represented well. With suitably chosen
dissociation energies for the Morse, the asymptotic form of
the surface is also reproduced well. Including Gaussians at
the minima does not change the surface, but adding two
additional points between the minima and the TS improves
the EVB surface. For the EVB surfaces shown Figure 5c,
V12 fit by five Gaussians with an exponent of 0.7 au yields
a maximum error of 0.00013 au for the energy for points
along the reaction path.

The logical extension of the tests cases illustrated in
Figures 3-5 is the combination of anharmonic potentials
for Vi1 and V,, in the natural internal coordinates for the
reactants and products amd,’ represented by a series of
Gaussians times quadratic polynomials in redundant internal
coordinates. As in the quadratic synchronous transit transi-

tion-state optimization proceduréghese redundant internal
) x‘ coordinates are best chosen as the union of the reactant and
\ product internal coordinates, augmented by any additional
/% \ X\\ internal coordinates required to represent interactions found
Lok C N Bl 1L only in the reactive region of the potential energy surface.
For an improved fit tov;2?, the Gaussians at the reactants,

(a)

(@

Figure 5. "EVB fit using anharmonic functions for Vi, and Vz, products, and transition states (and possible intermediates
in nonredundant (Z-matrix) internal coordinates (Morse for ’ . i
stretch, harmonic for bend, LJ for repulsion) and Gaussians along the reaction path) should be augmented by additional
times a polynomial in Cartesian coordinates for Vi, The Gaussians placed between those stationary points and the
carbon is at the origin; the nitrogen is at (1.116, 0.000), and  yansition states along the reaction path. Extra fitting points
the energy is plotted as a function of the Cartesian coordinates .

of the hydrogen. The points in a—c indicate the positions of can b? adde.d to represent spemql features such as the
the Gaussians used to construct Vi,2. (d) The potential energy tunneling region near a saddle point or extended ridges
surface for HCN — HNC calculated at RHF/3-21G. separating reactant and product valleys. Molecular dynamics

can locate additional areas of the potential energy surface
where extra fitting points may be needed, in a manner akin
to the “GROW” procedure of Colling’

Further reduction in the error can be achieved by adding
more Gaussian centers at appropriate places on the surfac
As can be seen from Figures 3 and 4, the choicevigr
and Vo, clearly has a profound effect on the shape of the
potential energy surface in the regions away from the reaction Summary
path and fitting points. The simple harmonic functions used The present work investigates some alternatives for repre-
in Figures 3 and 4 were chosen to challenge the fitting sentingVi,?> employed in constructing EVB-type potential
procedure. More realistic potentials employed in molecular energy surfaces for later use in molecular dynamics calcula-
mechanics force fields include anharmonic stretching and tions of chemical reactions. The use of a Gaussian times a
bending potentials and nonbonded repulsions. Results em-quadratic polynomial foV,2? instead of the generalized
ploying such potentials are summarized in Figure 5 and Gaussian used in the Chaniyliller method has been
compared to the actual HCN- HNC surface obtained by  proposed. This approach overcomes the divergence difficul-
calculating the energy at the HF/3-21G level of theory on a ties often encountered in practice when the generalized
suitable grid of points depicted in Figure 5d. To represent Gaussian is used to fit to the energy, gradient, and Hessian
V11 in HCN, we employed Morse functions for the CN and at a transition state. The approach is extended by representing
CH bond stretches, harmonic potentials for the HCN bend V;2? as a linear combination of Gaussians times polynomials
and the CN-CH stretch-stretch interaction, and Lennard- at selected points anywhere on the surface. The utility of
Jones potentials for the nonbonded N interaction (an anti-  the methodology is illustrated by applications to some simple
Morse function works just as well; alternatively, a suitable one- and two-dimensional model surfaces along with the
anharmonic bend could have been used). Although thelN  surface for the HCN—~ HNC isomerization reaction. A single
nonbonded interaction would normally be covered by an- Gaussian times a quadratic polynomial performs as well as
harmonic bending terms in conventional force fields, a the Chang-Miller approach where the latter succeeds and
Lennard-Jones potential was employed to test the robustnesgives a good fit even when Chandliller has divergence
of our fitting procedure. The corresponding coordinates were difficulties. Better fits to potential energy surfaces are
used inVy, for HNC. The interaction matrix elemer¥;2?, obtained with a distribution of Gaussians, particularly when
was represented by one or more Gaussians times polynomialthe reaction path is curved or when the coordinates system
in Cartesian coordinates and fit to energies, Cartesian makes the fit challenging. For HCN- HNC, the effect of
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the coordinate system on the quality of the EVB surface was (11) Hwang, J. K,; Chu, Z. T.; Yadav, A.; Warshel, A.Phys.
explored. Internal coordinates performed better than Cartesian Chem.1991, 95, 8445-8448.
coordinates; however, both coordinate systems could be used (12) fghgazngé YéeTzi;le:gIggmo' C.; Miller, W. HJ. Chem. Phys.
to fit the potential energy along the reaction path to within ' '
chemical accuracy with as few as five fitting points. The (13) Jensen, K. Comput. Chem.994 15, 1199.
quality of the surface away from the fitting points depends (14) Jensen, FJ. Am. Chem. S04.992 114, 1596.
on the choice o¥/; andV,,. Anharmonic, internal coordinate ~ (15) Anglada, J. M.; Besalu, E.; Bofill, J. M.; Crehuet, &.
. . . . Comput. Chem1999 20, 1112-1129.
potentials with the proper asymptotic behavior produce a 16) B 4 E- ol M. Robb. M. AL Am. Ch S
. . . ernardli, r.; IVUCCI, IVl.; RODD, M. . Am. em. S0cC.
significantly improved global surface when compared to 1992 114, 1606-1616.
harmonic potentials in either Cartesian or internal coordi-

i o ) (17) Minichino, C.; Voth, G. AJ. Phys. Chem. B997, 101,
nates. There is no restriction on the coordinate system or 45444552,

placement of the Gaussians representiig in the current (18) Kim, Y.; Cochado, J. C.; Villa, J.; Xing, J.; Truhlar, D. G.
method, and extra points can be added to fine-tune special J. Chem. Phys200Q 112, 2718-2735.
features on the surface. Practical methods for the automatic (19) Lin, H.; Pu, J.; Albu, T. V.; Truhlar, D. GJ. Phys. Chem.

placement of the Gaussians will be explored in future A 2004 108 4112-4124.

work. (20) Albu, T. V.; Corchado, J. C.; Truhlar, D. G. Phys. Chem.
A 2001, 105, 8465-8487.

(21) Muler, K.; Brown, L. D. Theor. Chim. Actal979 53, 75.
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