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A method has been developed for calculating energies by full spin projection of unrestricted Mdler-Plesset perturbation 
theory wave functions. The spin projection technique has been tested on bond dissociation potentials of LiH and H F  and 
on symmetrically stretched H20. In the region where the UHF wave function is more stable than the RHF wave function, 
spin projected UMPn energies of low order ( n  I 4) have smaller errors than the corresponding spin restricted MPn and 
unprojected UMPn energies, when compared to full configuration interaction calculations. For higher order perturbation 
theory, spin restricted MPn energies may be more accurate than spin projected UMPn, but only for limited region near the 
RHF/UHF instability. An approximate spin projected UMPn formalism developed earlier yields energies that are in good 
agreement with the-present full spin projected UMPn calculations. A formula for spin projected energies in the coupled 
clusters approach is also presented. It is shown that annihilation of any single spin contaminant leaves the CCSD energy 
una1 tered. 

Introduction 
For open-shell systems, unrestricted Hartree-Fock (UHF)' and 

nth order unrestricted Mdler-Plesset perturbation theory 
(UMPn)2i3 are usually quite reliable and yield satisfactory en- 
ergetics and optimized geometries. However,>pin unrestricted 
wave functions are not eigenfunctions of the S2 operator. This 
is normally not a significant problem, unless the contamination 
from higher spin states is large. In such ",.the potential energy 
surfaces obtained by spin unrestricted methods, such as U H F  and 
UMPn, can be significantly distorted, showing anomalously high 
barriers for reactions4 and bond dissociation potentials that rise 
too   tee ply.^ These difficulties are due to the extremely show 
convergence of unrestricted Mdler-Plesset perturbation theory 
in these regions of the potential energy surface.6-s The'con- 
vergence difficulties, in turn, can be traced to serious spin con- 
tamination in the U H F  reference determinant. In a previous 
paper,5 we outlined a simple, approximate scheme to calculate 
UMPn energies with annihilation of the largest spin contaminant. 
This method has been used successfully to study some simple bond 
dissociations5 and a number of radical reactions involving additions 
to multiple  bond^,^*^-" isomerizations,'* and ab~tract i0ns. l~ In 
this paper, we present a method for calculating fully spin projected 
UMPn energies and give a number of simple examples. 

Method 
Projected Hartree-Fock Theory. The equations for the pro- 

jected Hartree-Fock energy are well-known1e1* and can be written 
in terms of the Lowdin spin projection operator.'* 
Epq UHF = (pf*Olflp~*O) / (@j*ilps*O) = 

~ * ~ l ~ ~ s l * o ~ / ~ Q o l ~ s * o ~  (1) 

P, = n{(s2 - k ( k  + l))/(s(s + 1) - k(k  + 1))) ( 2 )  

Note that pS is independent and commutes with &. T_he numerator 
can be expanded by inserting the identity operator, Z = (\Eel + x,l$,) ($,I, where the sum extends over all excited determinants. 
The projected Hartree-Fock energy and wave function can then 
be written as 

k # s  
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Fecause the U H F  wave functions satisfy Brillouin's theorem and 
H contains only one- and two-electron operators, the summation 
over qi in eq 3 for the projected Hartree-Fock energy can be 
restricted to all double excitations (but not in eq 4 for the projected 
wave function). . 

Approximations to Spin Projected Mdlet-Plesset Perturbation 
Theory. Projected Hartree-Fock potential energy curves are 
known to behave quite poorly in some regions, particularly near 
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the onset of the RHF/UHF in~tabi1ity.l~ As has been demon- 
strated earlier$~8~”3 the potential energy curves are much improved 
when correlation corrections are added to the PUHF results. The 
spin projection corrections to the U H F  wave function and the 
perturbative corrections to the wave function for electron corre- 
lation, \kl, \k2, etc., both consist of single, double, and higber 
excitations. As a first approximation, the spin corrections, Qo, 
must be reduced by the amount already contained in the corre- 
lation corrections, Q,, Q2, etc. This leads to the following for- 
m u l a ~ : ~ ~  

E p y p 2  EUMPZ A E p u H d 1  - (Gol *~) / (Go l~o)~  (5a) 

(5b) 

E p ~ p 4  E U M P ~  + A E P u H ~ ~  - ( * o l * ~  *2 *3) / ( *01*0) \  

EIJMP~ + A E p u d 1  - ( * o l * ~  + *2)/(*01*0)\ 

(5c) 

It can be shown that this approximation goes to the correct limit 
as the prturbed wave function approach? the exact wave function 
(+., (*ol*l ,+ ... + *m)/(*~l*o) =-(P.*o - * ~ l * ~ ~ ~ ~ ~  - TO)! 
(P,\Eo - \EoIP,\ko - q0) = 1, since Ps\keyact = 9,,,,, and P, is 
idempotent). 

If the largest contribution to the spin contamination comes from 
only the next highest spin, Le., s + 1, it is reasonable to ap- 
proximate the full projection operator by the first factor in eq 2, 
k = s + 1. However, the resulting operator is no-longer a projector 
(not idempotent) but an annihilation operator, A,I. The operator 
that destroys all states with spin s + n is given by 

= 
+ (s + n)(s  + n + I ) ~ / { ( * ~ ~ L ? ~ ~ * ~ )  - (s + n)(s  + n + I ) ]  

( 6 )  

where the denominator is chosen to ensure intermediate nor- 
malization of As+,\kO. Since a single annihilatorAcontains only 
one- and two-electron opejators, the approximation P, = A,, yields 
a spin correction term, \ko in eq 4, that contains only single and 
double excitations. This greatly simplifies the computation of the 
approximate spin projected energies based on eq 5. 

Spin Projected M0ller-Plesset Perturbation Theory. The 
approximate spin projected formulas in eq 5 result from the 
projector or annihilator operating on \Eo only, followed by a 
correction to avoid double counting of excited configurations 
already in \kl, \k2, etc. Full spin projection would apply the 
projector to the correlation corrections as well as to *,,. For UMPn 
wave functions, the projected energies can be written 

Eprol  MP2 = (*o~f i~P,*o  + Ps*i ) / ~ * o P , * o  + ps*i) (7a) 

(*o~fips*o + P,*, + P3*2)/(*ops*o + P,*, + B,*,) 
- 

Epro~ M P 3  - 

(7b) 

The only components of ps*l, PSq2,  etc., contributing to the energy 
are q0 and the double excitations. This simplifies the computations 
considerably, and the projected MPn energies can be expressed 
as - 
Eproj MP2 - 

(*olfil*o) + ~ ~ * o l ~ I ) l ~ ~ $ f l ~ s l * o  + * l ~ / ~ * o l ~ s l * o  + * l )  
I 

Eproj MP3 = (*Ol f i l *O)  + 
c(*olEiI)f)(I)ll~sl*o + *I + *2)/(*olf jsl*o + * 2 )  (8b) 

I 

where includes all double excitations (aa, ap, @). To evaluate 

( 1  9) In previous applications the contribution of \k, to EPMPI was omitted 
for practical reasons. Furthermore, %, was restricted to single and double 
excitations even when the full projector was used. The present calculations 
indicate that these approximations change the energy by less than lo-’ au, 
except in the immediate vicinity of the RHF/UHF instability. 
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( I ) f ~ ~ s ~ * I  ), one needs matrix elements of the type ($llL?2ml$J), 
whece I), and I), include all double excitations; for (I),lPsl*2), 
(I) ,IPsle3),  etc., I), must also include higher excitations. For m 
= 1 the matrix is relatively sparse, but for m > 1 there are of the 
order of n4N4 nonzero elements between doubly excited deter- 
minants, where n is the number of occupied orbitals and N the 
number of unoccupied orbitals. 

A different set of equations for the projected Myn energies can 
be obtained by taking advantage of the fact that Ps and H com- 
mute. 

MP2 = [(*OIPs~*O)(*Olfi~*O + 9 1 )  -k 

~(*ol~ . l rCl~(~l I f i l*o  + * l ~ l / ~ * o l ~ s l * o  + * I )  (9a) 

c(*ol~slI)l)($,Ifil*o + *I + * 2 ) l / ( * o I ~ , l * o  + ‘k, + *2)  

I 

Eproj  MP3 = [(*o~ps~*o)(*o~fi~*o + *I + *2) + 

I 

(9b) 

The 1)1’~ run over all single, double, triple, and quadruple exci- 
tations in eq 9a, and additionally quint!ple and hextuple excitations 
for eq 9b. The matrix elements ( I)jlHl*l) arelclosely related to 

and the MP3 energy; likewise, the (I),lfl*2) are closely 
related to and the MP4 energy. In both approaches con- 
siderable factoring should be possible to reduce the work to below 
n4P. Equation 8 would, at first glance, seem to be more practical, 
but eq 9 is more amenable to approximations such as limiting the 
number of spin contaminants to be annihilated or limiting the 
excited states that appear in the summation. For e_xamp!e, if only 
the largest spin contaminant is annihilated, i.e., P, = AStI,  then 
I), runs over single and a@ type double excitations only. 

An alternative formulation of spin projected Maller-Plesset 
perturbation theory is presented by Knowles and HandyZo else- 
where in this issue. It can be easily shown that the two methods 
are closely related. If the denominatorin eq 7 of the present paper 
is exqanded in a Taylof series, (\kolP,l*, + + q2 + ...)-I = 
(*OIP~I*O)-~(~  - (*OIP,I*.,I + 9 2  + . . . ) / ( * ~ l P . l * ~ )  + ... >, and 
terms of the same order in HI are collected, then eq 11 of Knowles 
and Handy is obtained. For the examples discussed below, the 
two methods differ in energy by low3 au or less. 

Spin Projected Coupled Cluster Theory. Unrestricted coupled 
cluster wave functions appear to have less spin contamination than 
their many-body perturbation theory counterpa_rts.21,22 Fur- 
thermore, the coupled cluster calculations with singles and doubles 
(CCSD) describe single bond dissociation potentials quite  ell?^-^^ 
The QCISD method24 seems to have similar properties. This 
suggests that the CCSD approach and related methods overcome 
some of the spin contamination problems encountered by un- 
restricted Maller-Plesset perturbation theory. Analogous to eq 
9, the spin projected coupled clusters energy can be written as 

The GCSD equations require that ( \koJ f l \ k~cs~)  = ECC~D and 
(I)iIHl*c-s~) = Eccs~(I)il*ccs~) for all single and double ex- 
c i t a t i o n ~ . ~  Hence, if the summations in the numerator and de- 
nominator are restricted to single and double excitations or if !. 
is restricted to annihilate only one spin contaminant (Le., if P, 
is approximated by A,,, for any n # 0, ( *olPslI)i) is nonzero only 
for single and double excitations), then the factors in the numerator 

(20)  Knowles, P. J.; Handy, N. C .  J .  Phys. Chem., this issue. 
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98, 66. 
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Figure 1. Comparison of convergence rates for restricted, unrestricted, 
and spin projected unrestricted Mdler-Plesset perturbation theory for 
LiH at R = 3.0 A (STO-3G basis). 

that depend on the projector cancel with the denominator and the 
coupled cluster energy with single annihilation is identical with 
the unprojected energy. Thus, CCSD calculations will be sat- 

isfactory for problems in which the U H F  determinant has only 
one major spin contaminant, e.g., single-bond dissociation po- 
tentials, etc. By the same arguments, processes involving two spin 
contaminants, e.g., the breaking of two single bonds or the breaking 
of a double bond, will be treated very well by CCSDTQ. Because 
of the exponential nature of the coupled clusters wave function, 
CCSD may be adequate for the breaking of two single bonds, 
provided they do not interact significantly. A similar approach 
can be used to show that the QCISD method24 should also be 
satisfactory for cases with one major spin contaminant. 

Results and Discussion 
The spin projected UMPn method presented above was tested 

in the context of a full configuration interaction program. The 
code for the full CI  calculation and the nth-order Mdler-Plesset 
pertufbation theory was written by using the approach outlined 
by Handy et aLZ5 with the formula list organized as suggested 
by Siegbahn.26 Details will be published elsewhere. A number 
of simple examples have been studied to compare RMPn, UMPn, 
and projected UMPn with full configuration interaction calcu- 
lations and to test various approximations. The spin projected 
UMPn energies were calculated according to eq 9 an! the PMPn 
energies according to eq 5 .  The full spin projector, P,, was used 
throughout, and no restrictions were placed on the sums over 
excited states. 

In the first example, the bond dissociation curve for LiH has 
been computed with the STO-3G basis set. Calculations were 
performed with restricted, unrestricted, and spin projected un- 
restricted Mdler-Plesset perturbation theory up to 20th order 
and with full configuration interaction (six active orbitals). Figure 
1 shows the rate of convergence of the various levels at a bond 

(25)  Knowles, P. J.;  Handy, N. C. Chem. Phys. Lett. 1984, J J I ,  315. 
( 2 6 )  Siegbahn, P. E. M. Chem. Phys. Lef t .  1984, 109, 417. 
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Figure 2. Bond dissociation potential for LiH at the MP4 level (STO-3G 
basis). 
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Figure 3. Energy difference between MP4, MP8, and full CI as a 
function of bond length for LiH (STO-3G basis). 

length of 3 A. As has been pointed out previously,bs the UMPn 
series is very slow to converge. The RMPn series converges more 
rapidly than the unprojected UMPn series but undergoes oscil- 
lations that become quite severe at  longer bond lengths. Since 
the practical limit for larger molecules is MP4, it is instructive 
to examine the behavior of the dissociation curve comppted with 
the various approaches at fourth order. Figure 2 illustrates the 
potential energy curves at the various levels, and Figure 3 shows 
the difference between the restricted, unrestricted, and spin 
projected MP4 and MP8 energies and the full CI energy. The 
UMP4 curve rises too steeply in the intermediate region, and the 
RMP4 curve turns over beyond 3 A. The difference between the 
projected UMP4 and the full CI energies is largest (ca. 1.5 
kcal/mol) near the onset of the R H F / U H F  instability but di- 
minishes rapidly for increasing bond lengths. Beyond the 
R H F / U H F  instability (R > 2.0334 A),  the difference between 
the projected UMP4 and full CI energies is less than the difference 
between RMP4 and full CI. The approximate projected UMP4 
approach (PMP4) used earlier is in very good agreement with the 
fully projected UMP4 energies at all bond lengths. For eighth- 
order perturbation theory, the restricted MP curve is more accurate 
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Figure 5. Comparison of convergence rates for restricted, unrestricted, 
and spin projected unrestricted Morller-Plesset perturbation theory for 
HF at R = 2.0 8, (6-31G basis). 

up to ca. 2.75 8,; however, for longer distances the spin projected 
U M P  is superior. 

The second example considered is H 2 0  with both bonds 
stretched to twice the equilibrium value ( R  = 1.934 A). Calcu- 
lations were performed with the STO-3G basis set using restricted, 
unrestricted, and spin projected unrestricted Maller-Plesset 
perturbation theory up to 40th order, as well as full configuration 
interaction (frozen core). Spin contamination from both the triplet 
and quintetz7 must be removed for meaningful results with eq 5, 
8, or 9. Figure 4 shows the rate of convergence of the various 
levels. Similar to LiH, the RMPn series oscillates and UMPn 
series converges very slowly. The projected UMPn series lies much 
closer to-the full CI  result but retains a small, slowly converging 
component. The approximate PMPn energies are in very good 
agreement with the fully projected UMPn energies. 

In the third example, the bond dissociation curve for HF has 
been calculated with the 6-3 1G basis set using Mdler-Plesset 
perturbation theory up to 10th order and full configuration in- 
teraction (frozen core). Contamination from spin states higher 
than the quintet contribute less than 2 X lo4 au to the energy. 
As shown in Figure 5, the rate of convergence of the RMPn series 
a t  R(HF) = 2:O 8, is considerably more erratic than for the 
minimal basis set calculations discussed above. Similar erratic 
behavior has been noted for doubler basis set RMPn calculations 
on symmetrically stretched H,O?' The convergence of the UMPn 
series is slow tjut monotonic. Up to fourth order, the projected 
UMPn series converges rapidly to within 0.002 au of the full CI 
result; beyond fourth order the rate of convergence is considerably 
slower. The approximate PMPn values are in good agreement 
with the results of full spin projection. Figure 6 illustrates the 
H F  bond dissociation potential calculated at  the RMP4, UMP4, 
projected UMP4, PMP4, and full CI  levels; differences between 
the MP4, MP8, and full CI  energies are given in Figure 7. The 
behavior is very similar to LiH. The difference between the 

(27) Higher spin states are not possible because of the basis set size 
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Figure 7. Energy difference between MP4, MP8, and full CI as a 
function of bond length for HF (6-31G basis) 

projected UMP4 and full CI  energies is largest near the RHF/  
U H F  instability ( R  = 1.2771 A). At eighth order, the R M P  
energy is better than the projected U M P  energy up to R = 1.75 
A. However, for longer bond lengths, the error in the projected 
UMPn energies is less than the error for RMPn. The approximate 
PMP4 energies are in good agreement with the projected UMP4 
energies, especially a t  larger distances. 

Conclusions 
A formalism for calculating spin projected UMPn energies has 

been proposed, and test calculations were carried out for LiH, 
H 2 0 ,  and HF. For low orders (n I 4), spin projected UMPn 
energies are better than RMPn and unprojected UMPn energies. 
Higher order RMPn energies may be more accurate than spin 
projected UMPn, but only for a short distance beyond the onset 
of the RHF/UHF instability. The approximate spin projected 
UMPn (PMPn) method used in earlier calculations is in good 
agreement with the full spin projected'UMPn computations. Spin 
projection can also been applied to the spin unrestricted coupled 
clusters method. It is shown that the CCSD energy is unaltered 
by the annihilation of any single spin contaminant. 
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